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1. Introduction

Recently several methods of construction of asymmetrical
factorial designs have been evolved. Kishen and Srivastava (1959)
obtained the designs ^X^Mhrough hyper surfaces defined in finitegeometries. Das (1960) linked the construction of these designs
with the fractional replications of some corresponding symmetrical
factorial designs. Both Kishen and Das advanced further methods
of construction of balanced designs qxl^ in 2q plot blocks through
balanced incomplete block (B.I.B.) designs. Kishen (1960), Kishen
an yagi (1961) presented further methods of construction of 0x2^
and ^X3^ designs through P.B I.E. designs following Shah's (1960)technique. In all these works attempts have been made to give
balanced desips, which in many cases need large number of repli-
cations, and hence large amount of resources

aiv. desirable togive designs involving smallest feasible number of replications pro-
viding mutually independent estimates of all the effects so as to bring
about economy in the use of resources. It can be even said that the
design need not necessarily be a resolvabe one and also equi-
repli^cated. Keeping these points in view, Sreenath (1965) gave
methods of construction of designs qx2- in (^x 2''plot blocks through
P.BJ B. designs with band 6-half replications, where bis the number
methld r Sreenaih has also givenmethods of construction of designs 2qx2- in 2?x 2''plot blocks
involvmg only two replications. This was followed by further
methods of construction of designs K^x2- in x2^ plot blocks
involving 2k replications by Sardana and Sreenath (1965) and design
(2?+1)x2" in(2^+2)x2^ plot block, by SreeLth an^Sa'S
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(1967). In the present paper a method of construction of designs
gx3" in plot blocks through B.I.B. designs has been presented
alongwith the method of analysis, keeping the above points in view.
2. Design in 3g Plot Blocks with b Replications

We shall consider, in the first instance, the case of the design
in 2>q plot blocks. The generalisation to the case of design

gX3" in gx 3® plot blocks, which can be done following Sreenalh s
(1965) technique, is indicated in section 5.
2* I. Construction

Let the factors and their levels be denoted as under;
Factors Levels

A ^21 •• >

B bo, b„

C ^*0) ^2-

For the construction of the design we shall make use of a set of
three B.T.B. designs as described below.

Let a. pand 7denote respectively the three sets of treatment
combinations, say,

(6oCo> ^1^15 b^c.^ ; (&o'̂ 2' b^c^y b^c^ ,
and ^i^2> b^Co)

of the factors B and C. The interaction with 2 t/./. can be
considered to be the comparison between a, pand y. We have now
to obtain a set ofthree B.I.B. designs with the q levels of the factor
A as the treatments and the following parameters;

B.I.B. Design

Di

Dz

Parameters

v=q, ki, J-i, b, Aj

v=q, ki, r2, b, Xj

v=g, ks, ra, b, X3

where ki+k,+ka=q&nd the B.I.B. designs are such that the sum of
the three qxb incidence matrices of these designs is a qxb matrix
with each of its elements as unity.

Replacing the elements 1 in the incidence matrices of Di,
and D3 by a, pand yrespectively, let us sum these incidence matrices
and denote this sum by By using the method that follows.
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each of the b columns of Afapy will be used to generate ablock of
the design qx3^. Let us take, say, the w-th column of By
associating the f-th row element of this column with the level of
the factor A for /= 1, 2, ... , q and then replacing

(i) Oicc by the three combinations aibyCi, Uib^c^ ;
(//) by {ciiboci, ajb^Ca, ajb^c,) ; and

{in) by a^Jb^c-^, a^b^Co)
a block of size 3q of the design is generated.

Similarly using all the b columns of we generate b blocks
of the design gX3\ each of size plots. Now by changing the
order (a, p, y) for replacement of the elements 1 in the incidence
matrices of D^, and £>3 to (p, y, a) and (y, a, (3) we obtain the
matrices and respectively and then generate, as above, b
blocks each of size 3q plots of the design from b columns of each
of and Thus the asymmetrical factorial design

can be obtained in 3b blocks each of size 3q. The number of repli
cations in the design is evidently b.

As an example we construct the design 7x3^ in 21 plot blocks.
Let the incidence matrices of the three B.LB, designs, with the 7
levels of the factor A as treatments, that we make use of in the
construction, be :

B.I.B.
design

Inci
dence
Matrix

Di
(v=Z)=7, /ci=ri=3, Xi=l)

r 1 0 0 0 1 0 1

1 1 0 0 0 1 0

0 1 1 0 0 0 1

10 110 0 0

0 10 110 0

0 0 10 110

0 0 0 1 0 1 1

•Da
(v=6= 7, fc2=/'2=l,

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

1 0 0 0 0 0 0

A,
{v=b=l, k3=rs=2, X3=l)

0 0 110 10'

0 0 0 1 1 0 1

1 0 0 0 1 1 0

0 1 0 0 0 1 1

1 0 1 0 0 0 1

110 10 0 0

0 1 10 10 0
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Then we have

M „ =
"Py

a p Y Y V

a a p Y Y Y

Y a a p YY a

a Y a a p Y Y

Y a Y K P Y

Y Y a Y « a P

P Y Y " Y "

M„ =
Py"

P Y a <* P a P

P P Y « « P a

a p p Y a a P

P a p p Y a a

a p a p p Y a

a a p a p p Y

Y oc a p a p p_

^«P=

Thus the design 7x3Mn 21 plot blocks will be :

Y a p p Y P Y

Y Y a P P Y P

Py Y " P P Y

Y P Y Y " P P

P Y P Y Y a P

P P Y P Y Y a

La p p Y P Y yJ

Blocks from Blocks from Blocks from Myap
Level
of^

1 2 3 4 5 6 7 8 9 10 11 12 13 14 ,15 16 17 18 19 20 21

"o a p Y Y a Y « p Y " " P P Y a p p Y P Y

"1 a a p Y Y « Y P P Y a a P a Y Y « P P Y P

02 Y a a P Y Y a a p P Y « « P p Y Y a P P Y

as a Y " " P Y Y P a (3 p Y a a Y P Y Y " P P

Oi Y o Y a a p Y a p a p p Y « P Y P Y Y a P

«5 Y Y " Y " " P a a p a . p p Y P P Y P Y Y a

"6 P Y Y « Y " " Y a a p a P P a P p Y P Y Y

- It can be seen that the number of replications in the design is
7 with the blocks (1, 8, 15) forming one replication and other
replications are formed, by the blocks (2, 9, 16); (3, 10, 17) ; ;
(7,14,21).

2'2. Analysis

In the design, constructed as above, only the interaction
with 2 d.f. and A{BC^) with 2{q—\) df. are affected by block
dififerences. The interaction ACBC) with 2{g—1) <//. can be con
sidered to be made up of two components viz. ;

A(BC% and A(BC% each with (?—1) d.f. where (BC\ and
(BC\ correspond to the two contrasts (a—y) and (a—2P+y) of the
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interaction respectively. The following scheme of constants has
been used in writing the normal equations and the estimates corres
ponding to the effects of the affected interactions BC^ and A(BC^).

Interaction D.F. Effects

BC^ 2 <0, h, k

A{BC^)^ {q-\) Wo,
A(BC\ (q-i) Vo, Vi,

The normal equations for estimating the parameters after
eliminating the block effects under the restrictions Si ti=0, S.w<=0.
and %iVi=0 come out as

- , 9bHk,-k,y+(k,-k,y+(k3-fci?}
_ 6^ ~

for 1=0, 1, 2

6b-
27(6-X,-A2-X3)

3q

for i=0, ,{q-I)
81(6 —X)—?i.g—X3) j.,

3q J

for i=0, 1, ... , (g-1)

where/(0=(3/6) (rf +ii +rl-r,r^-r,rs-r^r^) {to-h}

186-

Ui—f (/)

W3-1

"a-!-

...(1)

...(2)

...(3)

/' (0=(3/6) (rf +r| +rl-rir^—r^r:,-r^r^) {?o-2fi+/J

Pi, Qi and Ri are respectively {BC^)i, [A{BC^)j^ ],
and [/4(5C^)(j ]< after adjusting for block effects, i.e.,

(5C2),=Sum of observations from the treatment combinations
involving the combinations in a, (3 and y respectively
for f=0, 1, 2

[A{BC^)Ji=ai{BC\-ai{BC% for i=0, 1, ... , (?-l)

[^(5C0q ]i =ai{BC^)o-2ai{BC%+ai{BC\ for i=0,1,..., (9-I)
fl<(5C^)^=Sum of observations from the treatment combinations

with the i-th level of A and involving the combinations in
a, p and y respectively fory=0, 1 and 2.

Adjustment for block effects in {BC^)i— —{ll3q) S, Sij Bj
where Sj7=number of treatment combinations in thej-th block con

tributing to the sum {BC^)i
Bj=j-th block total.
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Adjustment for block effects in ]i=—(1/?)
where €i3= + 1 or 0 —1 according as the f-th level of A occurs in the

:/-th block with the combinations in a or p or y.

Adjustment for block effects in [A(BC^)q^ ]i= —(1/?) fin Bj
where 7),j= + l or —2 or +1 according as the j-th level of A occurs

in the y th block with the combinations in a or [3 or y.

Thus we have here

P,HBC\-{llq){KT,^KT,-Yk,T,)

Pi={.BC\-{\lq)(k^T^+k^T^+k^T^)
P^={BC\-{\lq){kJ^+k.,T,+k^T^)

b 2b 3^ ,
where 7^= 2 572= 3 Bi 5 7*3= S Bj, ...etc.

/=! i=b+\ 1=26+1

It may be noted here that the functions f{t) and/'(/) occurring
in the right hand side of the normal equations for interactions
A{BC^)j^ and A{BC'')^ do not appear in the estimates of thecontrasts
of interaction effects «i's and Vj's obtained from these normal equa
tions. Since our interest is in the estimates of the contrasts of the
effects and not in the effects as such, the presence of these functions
in the normal equations can be ignored while obtaining the estimates
of the interaction effects. We thus have the estimates of the inter
action effects as

• 6^ P

forz=0, 1,2 ...(4)

..Jhe sum of squares (S.S.) due to BC^, and A{BC^)q
can be obtained as.

2 A (9—1) A A
S tiPil S Qi-(2iQi){^iUi)lq

1=0 /=0

and

(<7-l) A A
s Vi Ri){%i Vi)lq respectively.

<•=0
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The relative loss of information on {i) BC^ with 2 d.f. will be
; (//) A{BC^) with 2(^-1) d.f.

will be {3j2bq){h—Xi—\—X.). The total relative loss of information
in the design will thus be 2(= number of blocks per replication mmui
one). It may be noted that this design is a resolvable design.

As an example let us consider the design 7x3^ in 21 plot
blocks obtained in section 21. We find that the normal equations,
in this case, for estimating the parameters after eliminating the
block effects under the restrictions Si 't=0 ; ; SiVi=0 will
come out as

Pi==l35ti for 1=0, 1 and 2 ...(la)

ei=(42-45/7)H,-(12/7)(?o-?2) for i=0, 1,..., 6 ...(.2a)
Ri^{l26-l35l7)Vi-{l2l7){to-2h+t^) for i= 0, 1,..., 6

...(3fl)

where Po=(Sum of observations from the treatment combinations

14 21

in floa, flja, flga, flga and fl6a)-(3/7) 2 5,—(1/7) S
1 z= 15

go== (Sum of observations from the treatment combinations
in 0^0.)—(Sum of observations from the treatment com
binations in aoy)-{ll7){Bi—B3~Bi+Br,-Be+B^—B^
+ Ao +-®n +-^33~~-Sl5+-^16~-®19 ~-^ai)

i?o=(Sum of observations from the treatment combinations
in floK and Aqy)—2(Sum of observations from the treat
ment combinations in aQ^)—(lj7)(Bi—2B2+Bs+B^+B^
+ 5g + -S7 —258+ 5b + -5io+-6ii —25i2+ 5i3 —25j4+ 5i5

25i7—25i8+5io—2-B2Q+-S2i)-"Ctc.

Thus we have

/i=(l/135)/'i for 1=0,1,2 ...(4a)

m<=(7/249)24 for /=0, 1,..., 6 ^ ...(5a)

Vi=(7/747)i?i for /=0, 1,..., 6 ...(6a)
5.S. dueto5C2with2 d.f.=(l/135) S

S.S. due to A(BC^)^ mth 6 d.f.=(7/249)e^-(2e,)'/7

S.S. due to A(BC% with 6d.f.=(7/747) U
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The relative loss of information on BC^ with 2 d.f. is 4/49 and on
A{BC^) with 12 d.f. is 15/98.

3. Design with 2b. (1/3) Replications

We shall, in this section, consider a method of construction by
which it will be possible to reduce the requirements of the experi
mental material by 1/3.

3*1. Construction

The method of construction is on similar lines indicated in

section 2'1. The first set of Z) blocks is generated from the columns
of The second set of b blocks is generated from the b
columns' of where is obtained similarly as except
ing that the order (a, (3, y) for replacement of elements 1 in the
incidence matrices of Dj, and D3 is changed to (y, [3, a). Thus in
all 2b blocks each of size 3q of the design qx3^ are obtained. Each
of the blocks is a 1/3 replication and there are therefore 2''.(1/3)
replications in the design.

3-2. Analysis

In this design also only the interactions BC^ with 2 d.f. and
A{BC^) with 2(q~\) d.f. are affected by block differences and are
estimated independently. Using the same scheme of constants in
writing the estimates and same notations as in section 2-2, the normal
equations for estimating the parameters, after eliminating the block
effects, under the restriction S "(=0 and S Vi=0 come out as

^^0 = \b{k |/M ^Kk\+k\) 1 9Z./c,(/c, +/c3) ^ ^
' f 0 Q/-» •I I3g

mk\

3q

3q ^ 3q

^TI loy/c 2
6M2 ^ %ki{ki-\-k^)h- Yq

P^-=\'ib{ki+k^) '̂ b{k\+k\ 1 ^_9Z>/c,(/c,+A:3) J-^bk^K ^
I J 3q ^ 3q 0

...(7)

Qi' ec-i+z-a)- 3g \'o~'2)
for/=0, ],..., (?-l) ...(8)

i?i== {6ri+24/-2 + 6/-3-(162x2/3g)} Vi-{9{r^-2r^+r^)l3q}
{{k,-^k,)(t,+ t,)~2k,t^} ror/=0, l,...,(q-l) ...(9)
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where P^, and Rt are the totals {BC% [A{BC%]i, and
[A{BC^)^ ]i respectively after adjusting for block effects, Xi=ri—'ki
for ;=1, 2, 3.

Theabove equations (7), (8) and (9) can easily be solved for
estimates of the effects under the restriction (A:i+A-3)(/o+r2)+2/c2?i
=0.

Thus, -WQ have the estimates of the contrasts (^0—^2) and
('0—2^1+^2) corresponding to the interaction BC^ as

Estimate of Ua—ti) = Pg—Pj

Pn\ Pa PeEstimate of (/q—+ =(1/36) •
,/Ci + /f3 2/C2.

for/=0,l,..,(?-l)

...(11)
A

Vi=i?,/{6ri+24r2+6r3-(162x2/3?)}for /=0, 1,...,(^-1)...(12)

The S.S. due to BC^, A{BC^)^ and A{BC')(^ can be obtained as

XtiPi; %UiQ{—{XUi){XQi)lq ; and XViRi—(%Vi](XRi)jq respectively.

The relative loss of information will be

(/•) l—{'3q{k]^-\-k^) —3(ki—k^y}j2q'̂ on the contrast (/n—'2)
oiBC^

{ii) l-{9^2(^i+^3)}/2g® on the constrast (^0-2^1+^2) of
{in) l-{il2bq)[q{r^+ r^)-{2x^+2x^-x^)] on A (BC^)^

and {iv) l~{\l2bq) {q[r:^-^rr^ + Ar.}-9x^) on A{BC^)^ ,
The total relative loss of information will be 2(= number of

blocks required per replication minus one).

It may be noted that this design is usually non-resolvable and
also that it is not . an equi-replicated design. However, when
^i+^3=2/c2 the design will be equi-replicated.

As an example let us consider the following 5x3^ design in 15
plot blocks with 20. (1/3) replications obtained through the B.I.B.
designs i)i(v=5, 6=10,/c,=2, \-=l), D^{v=^,b~\Q,k^ = \^
r^=2, X2=0) and i>3(v=5, 6=10, ks=2, r3=4, X3=l).

...(10)
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Design 5x3Mn 15 plot blocks.

Level
of A

"o

01

02

04

Blocks from Blocks from

I 23456789 10 11 12 13 14 15 16 17 18 19 20

actaaPYYTvP

yoPy^yP^^y

PYO'YY^Y^t'"

yPy^YPo'Y®'*

yyyyP"®®'*^

YaaPYYYP""

aYP"Y"PYY°'

aPaY^PY^YY

The normal equations (7), (8) and (9) under the restrictions
2 Ui=0, 2 v<=0, and 2 ('o + '2)+ ^=Oj in this case will reduce to

...(7a)

...(8«)

...{9a)

Po=120<o;Pi=60r, ;P2= 120/2 ;

Qi=36ui for /=0, 1, ..., 5

i?i=(ll 16/15) Vifor/=0, 1, 5

Thus we have the estimates :

\=pjm -X^pjeo ;
A

for /=0, 1, ..., 5

Vi=l5Riin\6 for i=0, I, 5

...(lOfl)

...(11a)

...(12fl)

The S.S. due to BC"^, A{BC^)^ and A{BC^)^ can be obtained as
{{P\+Ph)ll20}+PM60 ; (1/36){S 2^-(S2i)'/5}; and (15/1116)

{S respectively. The relative loss of information
on (0 (BC^ is -1/5, (») iBC% is 7/25, (h7) A{BC^)^ is 1/10 and
(zv) A(BC^)q is 19/50 in this design. The total relative loss of
information is (-l/5)+(7/25)+(l/10)x4+(19/50)x4=2.

4. Design gx3^ with b. (1/3) Replications.

It is possible to further reduce the requirements of the experi
mental resources to 1/3 only. This reduction can be brought in
when the block sizes /cj and are equal,/.e., say/Ci=A:3=/c and
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consequently ri=rs=r, ; and Xi—x^—x etc., and further
when the B.I.B. designs are such that atreatment inPg occurs stinies
with any other treatment in the same numbered block ofI>i (or-Ds)
where X2=2s.

4-1. Construction

The design is constructed by generating only 6.blocks from the
b columns of

As an example, we shall consider the construction of the design
4x3Mn 12 plot blocks. Let the incidence matrices of the three
B.I.B. designs used in its construction be

B.I.B. design (v=4, 6=12, /ci=l,
ri=3, Xi=0)

(v=4, 6=12,^2=2,
r2=4, ^2=2) .

X>3
(v=4, 6=12,^3=1,

X3=0)

Incidence
matrix

0 0 00000001 11

000001011000

001010100000

1 10100000000

1 1 1 0 0 0 1 1 1 0 0 0

10 0 110 10 0 110

010101010101

OOlOllOOlOll

oopi, 1,1000000

,01 10.0 0000001

100000001010

0000001 10100

The design 4X32 in 12 plot blocks, each of size 12, thus constructed
will be

Level
of A

«o

"2

as

Blocks from A/apy

1 2 3 . 4 5 6 7 8 9 10 11 12

P P P Y Y Y P P P a a a

P Y Y P P a P a a P' P Y

Y P a P a .P a P Y P Y P

a a P
/

a p P Y Y P Y •P p

4*2. Analysis

In this design also only the interactions (BC^) with 2 d.f.; and
AiBC^) with 2(5—1) d.f. are affected by block differences. Using
the same scheme of constants and notations as earlier, we find that
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the estimates of the parameters, under the restrictions S Mi=0,
S v<=0 and A:(/o+?2) + fc2/i=0, from the normal equations can be
obtained independent of the others as

to=Pol3bk I t,=P^I3bk^ ; t^=PJ3bk ...(13)

"i=Qil{^r-9{4:x-x^)l3q} for «=0, 1,..., (^-1) ...(14)

Vi=Ril{6{rj-2r,)-QlxJ3q} for/=0. 1,..., (3-I) ...(15)

The S.S. due to BC^,A{BC^)j^ and A{BC^)^ can be obtained as

{{P'o+PzYim+PMibk,-, X UiQi-{^u,) Qt)lq ; and S v, i?,
A

—(5 i'i)(2 Ri)lq respectively. The relative loss of information Vi^ill be

(/) l—{3klq) on the contrast (/q—O of
(ii) l —i.Skkilq"') on the contrast ('q—2'i+'2) of BC^

(m) 1-(3l2bq){2qr-{^x-x^)] on A{Ba)^
and {h) l-{\l2bq){2q{r^2r^)~9x^} ou A{BC%

which are the same as in the designs detailed in section 3 for the case
ki=ks.

These designs are also non-resolvable and are not equi-
replicated. However, when ki's are chosen such that k^=k^=k^ the
design would be an equi-replicated one.

Taking the design 4x3® constructed in section 4'1 and solving
its normal equations, we obtain the following estimates of the affec
ted interaction effects which are independent of the others;

rl=P„/36 ; ra=Pi/72 ; ^=^3/36

Ui—Qil\2 for 1=0, 1, 2 and 3

...(13«)

...(14fl)

. v<=i?i/63 for i=0, 1, 2 and 3 ...(15a)

The S.S. due to A{BC^)^ and A(BC% can,be obtained as
{iP\+P\)l3S}+P\l72; (1/12){S2^,-(5(2<)W; (1/63){S
—(S BiTl^} respectively. The relative loss of information is (i) 1/4
on(BC\ , {ii) -1/8 on{BC% , (,iii) I on AiBC% , and (iv) 1/8
on A{BC\ . The total relative loss of information will then be
l/4+(-l/8)+(|x3)+(l/8)x3=2,

• L
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5. Designs gx3" in gxS" Plot Blocks

The methods of construction detailed in sections 2, 3and 4for
designs 9x32 in 3^ plot blocks can be generalised to the case of
designs gx3" in g-xS" plot blocks following Sreenath's (1965) tech
nique.

Let A, be the (n +1) factors at levels q, 3, 3,..., 3
respectively. Firstly, we obtain a (3", confounded symmetri
cal factorial design i), with S,,..., as the n factors, having
each of its blocks further divided into 3sub-blocks of size 3 by
confounding an independent interaction, say, I between the sub-
blocks, We define the set of interactions between blocks of Das the
between block set' and the set of interactions between sub-blocks
within blocks as 'the between sub-blocks within blocks set.'

Let «,, p, and y,- denote the sets of 3^ treatment combinations
in the /-th block of A contributing to the totals (/)o, (/)i and (7,2
respectively. Evidently oc^, and will be the sub-blocks into
which the /-th block of Dwas divided. We then obtain the three
B.I.B. designs D, and D, with the levels of the factor .4 as treat
ments, as detailed in section 2-1. Now by associating each set of
(a.. 6- Y<Kor 7=1, 2,..., 3"-®-^ with the B.LB. designs as detailed
in sections 2-1, 3-1 and 4-1, the design gX 3" in ?x3f plot blocks is
obtained in b, 26. (1/3) and b. (1/3) replications respectively.

In these designs the interactions affected along with the relative
loss of information will be ;

(0 All blonging to the between block set, being completely
confounded between blocks. No information is available
on them.

(/n All Y, belonging to the 'between sub-blocks within blocks
set' each with relative loss of information as that of BC m
the corresponding design gX3Ma Sq plot blocks.

(Hi) All of the type AiY) with relative loss of information as
that oi A{BC^) in the corresponding design 3X3^ in 3g plot
blocks.

The total relative loss of information is 3"-^-l (=number of
blocks required per replication inims one). The S.S. due to affected
interactions can be obtained in amanner similar to those in corres
ponding gX3'̂ designs discussed above.
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Summary

To bring about economy in the use of resources, it is desirable
to obtain designs involving smallest feasible number of replications
providing mutually independent estimates of all the effects. It can
further be said that the design need not necessarily be resolvable and
equi-replicated. Keeping these points in vievi', methods ofconstruc
tion alongwith the analysis of the confounded designs ^x3" in qxS'''
plot blocks through balanced incomplete block designs in b,2b.{\l3)
and 6. (1/3) replications, where 6 is the number of blocks in the
B.I.B. design used, have been presented in this paper.
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